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With an ever-growing world population, the agricultural industry must continue to 
increase its efficiency whenever possible.  Large amounts of energy are lost between the soil-tire 
interface, which can lead to an increase in slip and a decrease in energy efficiency.  The Brixius 
equations are a set of equations designed to predict tractive performance.  These equations were 
developed based on data acquired in the 1970’s and 1980’s, may not accurately represent today’s 
tire and tractor technology nor accurately scale across a range of inflation pressures. 
With a tractor fitted with instrumentation; the ability of the Brixius equations to predict 
the net tractive performance was analyzed across changes in tire pressure, soil condition, and 
ballasting.  The actual drawbar pull produced by the tractor was measured by a load cell, while 
the deflection of the tire was found by ultrasonic distance sensors mounted inside the rim of the 
driving tires.  A separate tractor was used to load the test tractor, which followed the methods of 
Zoz and Grisso (2003).  After analyzing the data collected, it was determined that the Brixius 
equations were not able to fully account for changes in tire pressure when predicting net tractive 
force.  Similarly, changes in soil conditions were also not completely captured by the Brixius 
equation.  When using low tire pressure, a higher drawbar pull was produced by the tractor than 




CHAPTER 1.   INTRODUCTION 
 With the rapid growth of the world population, agriculture must continue to improve in 
productivity and input efficiency.  The global population is predicted to reach up to 9.15 billion 
by 2050 (Alexandratos & Bruinsma, 2012).  Since the 1960s, the number of people each 
American farmer feeds has increased from 26 to 155 (Bertone, 2012).  The tremendous demand 
for food, fiber, and feed puts tremendous strain on farmers, but improvements in productivity 
also show how efficient farming practices have become.  Increases in crop yields due to 
technological advances, as well as more efficient use of resources, are accredited to this success.  
These advancements in technology have not only increased the amount of food being produced 
but also have led to decreases in food prices and more effective labor usage. (Brester, Atwood, 
Watts, & Kawalski, 2019).  The mechanization of agriculture, more specifically using tractors 
for tillage and planting, has been the key to on-farm productivity since the early 1920s. 
  Agricultural tractor capabilities and field efficiencies have rapidly increased in the past 
20 years.  This change in efficiency can be accredited in part to accurate and precise monitoring 
of field operations, such as the use of automatic guidance.  Precision agriculture has allowed 
farmers to have more control over the inputs they apply to their fields.  By the use of variable 
rate technology, prescription fertilizer, spraying, or seeding applications can be made for a field 
based on its current needs.  This technology, with the addition of automatic guidance, has 
increased both input and field efficiency.  Even though this adoption of technology has been a 
major step forward for agriculture as a whole, the industry needs to continue this trend of 
increasing efficiency to feed a growing population. 
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 Continuous improvement in agriculture, like any industry, originates from a process of 
gathering of information on current performance, analyzing that information to determine any 
patterns or correlations, and finally, work towards a way to improve by predicting future 
performance based on some set of conditions.  Information is the key to improvements in any 
industry.  Knowing the current and past performance of field operations gives farmers a baseline 
with which to work.  This information makes it possible for researchers to work towards 
predicting field performance, such as a tractor’s operational performance.  A tractor’s ability to 
convert the axle power to drawbar power is essential for row crop production.  Methods have 
been developed to predict this performance based on data collected in the 1970s, but the 
accuracy of these methods is uncertain when applying them to current tractor and tire 
technologies and operating conditions.  Better understanding accuracy of such predictions could 
enable optimization of drawbar performance and tractive efficiency. 
Objectives 
The objectives of this research are to: 
• Better understand the accuracy of the Brixius traction prediction equations when applied 
to today’s tractor and tire designs.  
o Determine if net tractive effort predictions account for changing tire pressures 
when using the standard coefficients. 
o Assess error between the prediction equations and field measurements. 
• Determine the effects of tire pressure on the amount of drawbar force produced.  
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CHAPTER 2: LITERATURE REVIEW 
The need to evaluate agricultural tractor performance was first brought about by the 
number of subpar tractors being produced in the early years of the previous century.  This move 
to test tractors happened in the state of Nebraska, because of the experiences of an influential 
farmer, Wilmot F. Crozier, with poorly designed tractors (Carlson, 1970).  With the passing of 
legislation in 1919 in Nebraska, all tractors sold in the state of Nebraska had to first be tested, 
and thus the first tractor testing facility in the United States was created in Nebraska (Goering, 
1992).  Later on, Europe developed its own procedures for testing tractor performance, which 
were very similar to the procedures used by the Nebraska tractor tests (Goering, 1992).  The 
OECD (Organization for Economic Cooperation and Development) in Europe followed suit by 
requiring new tractors to undergo OECD tests if they were to be sold in Europe. (Goering, 1992).   
As the OECD tests became the predominant testing procedure worldwide, the legislation in 
Nebraska was amended in 1986 to accept OECD tests as well as Nebraska tractor tests (Goering, 
1992).  Later in 1988, the Nebraska Tractor Test Laboratory (NTTL) became a testing station 
certified by OECD (Goering, 1992).  Because of this, the NTTL procedures follow the OECD 
codes to test tractor performance. 
The OECD codes include four different measurements of tractor performance:  PTO 
power and specific fuel consumption, drawbar power output and specific fuel consumption, 
hydraulic power, and 3-point hitch lift capacity (OECD Agricultural Codes and Schemes, 2016).  
For the drawbar tests, the drawbar pull and forward speed of the tractor are measured to 
determine the drawbar power that can be produced by the tractor.  Additionally, by also 
measuring the rate of fuel consumption, drawbar specific fuel consumption is calculated which is 
the ratio of volume or mass of fuel to the drawbar energy produced with the fuel.  These tests can 
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be performed with and or without ballasting.  A hard surface such as concrete or asphalt is used 
as a consistent surface to test all tractors.  The PTO performance and fuel consumption 
determines the maximum amount of power produced at the PTO at rated engine speed and 
standard PTO speed, as well as the PTO specific fuel consumption. The results from these tests 
are summarized in each Nebraska tractor test report. 
According to OECD (2016), even though the rigid surface used in the standard tractor 
tests isn’t realistic for agriculture, "it does provide very consistent results, removing the 
variability which different surface conditions could introduce into data produced by different 
testing stations or at different times of the year.”  To determine the drawbar performance of a 
tractor on this surface, the tractor drawbar must be loaded, meaning that a draft force must be 
applied to the tractor drawbar in a controlled and consistent manner.  To accomplish this 
purpose, a loading vehicle is pulled behind the tractor to implement tractor loading.  This vehicle 
applies a load to the tractor by the means of a braking system.  The drawbar pull produced by the 
tractor during loading is measured by a load cell attached to the drawbar of the rear of the tractor 
under test and the front of the loading car, and the drawbar horsepower produced is calculated 
from the measurements received from the load cell, as well as the forward speed.  For an 
accurate and controlled measurement of the tractors fuel consumption, a separate tank is used to 
provide the fuel to the engine.  The temperature of the fuel is controlled, unlike the tractor’s 
stock fuel tank.  The tractor is tested without ballasting, but it is possible to test under a ballasted 
condition. 
Even though the NTTL determines the drawbar power produced by a tractor, in the 
standard tractor test, it does not measure tractive efficiency (TE) under realistic field conditions.  
Tractive efficiency is defined as “the efficiency of the tractive device in converting the axle input 
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power into output power” and can be calculated by dividing the drawbar power by the axle 








  (1) 
where:  
  H is the drawbar force produced by the vehicle's traction system, 
 𝑉𝑎 is the actual velocity of the vehicle, 
 T is the wheel torque, and 
 ω is the angular velocity of the wheel (Goering & Hansen, 2014). 
The ability to determine the tractive efficiency of a tractor gives us a baseline of how well 
power is being converted from the axle to the drawbar.  As much as 20-55% of energy delivered 
to the axle is lost in the soil-tire interaction of the driving wheels of a tractor (Elwaleed, Yahya, 
Zohadie, Ahmad, & Kheiralla, 2005).  Soil compaction can result from a portion of this energy 
loss and leads to impaired soil conditions that have a negative impact on crop production 
(Elwaleed, Yahya, Zohadie, Ahmad, & Kheiralla, 2005).  The output power is calculated by 
multiplying the net traction (H) by the actual velocity of the tractive device (Va), while the input 
power is the product of the wheel torque (T) and the angular velocity of the wheel (ω).  Tractive 
efficiency is affected by the amount of slip, or travel reduction, in the interaction between the 
tractive device and the soil or other deformable media.  To determine the amount of slip being 
produced, the theoretical and actual velocity of the vehicle must be measured, and travel 






  (2) 
where: 
 𝑆 is travel reduction or slip, 
 𝑉𝑡 is the theoretical velocity vehicle, and 
𝑉𝑎 is the actual velocity of the vehicle (Goering, Stone, Smith, & Turnquist, 2003).  
The actual velocity of the vehicle is typically measured by a ground speed radar sensor or 
a GPS receiver.  The theoretical velocity of the vehicle is calculated by multiplying the angular 
velocity of the wheel by the loaded rolling radius of the wheel.  Rolling radius is defined by 
ASAE S296.5 (2003) as “The distance advanced per revolution of the wheel divided by 2π under 
the specific zero condition.”  The zero condition most commonly used for this calculation is the 
operation of the vehicle being self-propelled on a hard surface, with zero drawbar load and low 
travel reduction. (Goering, Stone, Smith, & Turnquist, 2003). 
Traction Prediction Methods 
To better understand these relationships, three different approaches have been used to 
model the tractive efficiency of a traction system operating in deformable media.  Those 
approaches are analytical, semi-empirical, and empirical. 
Analytical Models 
The analytical approach of predicting tractive force is based on first principles from 
physics to define the interaction between the tire and soil.  This approach takes into consideration 
the geometry of the tire’s contact area with the soil as well as the shear and normal stresses 
applied to this contact area (Upadhyaya, 2009).  With this information, the tractive force between 
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the soil and the tractive device can be estimated.  Elasticity and plasticity models are used as a 
representation of the soil and tire interaction relationship.  Elasticity models have the ability to 
determine stresses within the soil but are not very useful for traction prediction (Upadhyaya, 
2009).  These models are based on “classical mechanical contact theory” which can also define 
any deformations within the soil (Rosca, Carlescu, & Tenu, 2014).  Plasticity models on the 
other hand are used for traction prediction and treat the soil as an "ideal rigid-plastic material" 
(Upadhyaya, 2009).  The limitation with the plastic equilibrium theory is that it is focused on 
determining the amount of load it takes to cause a failure instead of determining the magnitude 
of the deformations caused by a load (Upadhyaya, 2009).  Because of this, several limitations are 
seen when using this technique to predict tractive performace (Upadhyaya, 2009). 
These models are amended with differential equations of equilibrium which are applied 
to the soil as a single body (Upadhyaya, 2009).  Solutions to these equations can't be determined 
analytically, so it's necessary to use numerical analysis along with the support of computers.  A 
commonly used numerical analysis approach to analyze the soil-tire interface is finite element 
analysis.  Using this model as a base, boundaries have been developed by the use of theories, 
such as the “Hertz contact theory” to determine the pressure distribution of the tire on the soil 
(Tiwari, Pandey, & Pranav, 2009).  This theory is used to determine the distribution of pressure 
in the contact area.  Energy losses from the soil and tire deformations have been accounted for by 
“an energy approach along with the finite element model” (Tiwari, Pandey, & Pranav, 2009).  





The semi-empirical approach uses soil characteristics, such as the amount of force 
required to penetrate the soil, cohesion, and internal friction within the soil to determine how 
well a tire would perform under a soil defined by these parameters (Goering, Stone, Smith, & 
Turnquist, 2003).  Unlike the analytical approach, the parameters used in the equations for the 
semi-empirical approach are found through experimentation (Rosca, Carlescu, & Tenu, 2014).    
To obtain numerical values of these parameters, experiments are performed using an apparatus 
that interacts with the soil such as a bevameter (Rosca, Carlescu, & Tenu, 2014).  A bevameter is 
designed to mimic a load from a vehicle’s tractive device acting on the soil (Wells & Treesuwan, 
1978).  It consists of at least two circular flat probes with diameters of up to six centimeters and 
is used to penetrate the soil along with a rotating ring that is “equipped with grousers or cleats” 
(Wells & Treesuwan, 1978).  The amount of pressure needed for the probes to penetrate the soil 
is determined and is “measured as a function of penetration depth” (Wells & Treesuwan, 1978).  
The rotating ring, or annulus, turns at a constant velocity and measures the amount of torque it 
takes to rotate the grousers within the soil (Wells & Treesuwan, 1978).  This torque is “measured 
as a function of angular displacement for various levels of vertically applied pressure” (Wells & 
Treesuwan, 1978). 
The shear and vertical deformation of the soil is the primary focus in semi-empirical 
models.  Soil deformation under the plates used in the bevameter is assumed to be similar to that 
of a tire (Rosca, Carlescu, & Tenu, 2014).  With this information, the amount of rolling 
resistance is calculated based on soil deformation (Upadhyaya, 2009).  The amount of shear 
stress being applied to the soil is related to the amount of soil deformation.  The most commonly 
used method in agriculture to determine shear stress is “the Janosi and Hanamoto relationship” 
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(Upadhyaya, 2009)  The performance of a tire can then be found with both types of soil 
deformation known. 
Empirical Modeling 
Empirical models are based on either soil bin or field experimentation with whole 
vehicles or individual single tractive device like a tire or a track (Goering, Stone, Smith, & 
Turnquist, 2003).  This method utilizes soil characteristics, such as shear strength and cone 
index, and uses dimensional analysis and similitude (Rosca, Carlescu, & Tenu, 2014).  These 
methods were established by recording traction data from vehicles that were performing field 
operations, with only cone index information used for characterizing the soil (Rosca, Carlescu, & 
Tenu, 2014).  Wismer & Luth (1974) developed some of the first widely used traction prediction 
equations based on the empirical method.  These equations consider tire dimensions, as well as 
soil strength based on the cone index (Tiwari, Pandey, & Pranav, 2009).   
Wismer & Luth (1974) developed a way to determine the traction performance and 
rolling resistance of a tire in soil conditions that were not highly compacted.  These equations 
were generalized for most soil conditions and tire sizes.  The Wismer & Luth equations were 
replaced with a "more generalized expression for tractive characteristics of bias-ply pneumatic 




Having the ability to predict the tractive efficiency of a tractor during operation is a 
useful performance metric of the tractor’s ability to convert power associated with the wheels 
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rotating to that transmitted through the drawbar and delivered to the implement being towed by 
the tractor.  As discussed before, a large amount of energy is lost through soil-tire interaction.  
The ability to predict the amount of tractive force a tractive device will develop under defined 
condition is extremely valuable information. 
A rotating wheel in contact with a deformable media will assume one of four states: 
driving, self-propelled, towed, or braked states (Figure 1) (Goering, Stone, Smith, & Turnquist, 
2003).  When a wheel is in the braked state, the axle torque is negative (as defined as the 
opposite direction of the rotational wheel motion) with a forward velocity since there is a 
resistive force being applied to resist forward motion (Goering, Stone, Smith, & Turnquist, 
2003).  Once a wheel begins to transition out of the braked state, it enters the towed wheel state.  
A towed wheel is unpowered and has to be pulled.  Since the wheel is unpowered, the axle 
torque is equal to zero, and the amount of force required to pull it through the soil is known as 
the towed force and is due to the motion resistance that occurs due to deformation of both tire 
and soil.  This force is dependent upon the axle load, tire size, and condition of the soil.  As 
torque becomes positive, the wheel becomes self-propelled or driven.  In the case of the self-
propelled state, even though torque is applied to the wheel, it is just enough to overcome the 
wheel’s motion resistance.  This would mean that the net tractive force, or pull, delivered by the 
axle to the tractor’s chassis is equal to zero.  An example of self-propelled wheels, is when a 
tractor is driving through the field without an implement attached at zero grade resistance.  As 
torque starts to increase, the net tractive force goes higher than zero and the wheel transitions to 
the driving state.  During this state, the torque and pull both increase with the amount of slip.  
Once slip increases to 100%, the tire is spinning out and the tractor force produced is not enough 
to overcome the draft and other forces acting on the tractor.  Examples of when a wheel is in the 
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driving state would include a tractor performing a field operation such as pulling a plow or a 
planter.  
The torque being applied to a wheel is the product of the force being applied to the soil 
by the active moment arm length which is the rolling radius of the wheel (Brixius, 1987).  This 
force is known as the net tractive force and includes the force needed to overcome the motion 
resistance of the wheel (Brixius, 1987).  Motion resistance is the force required to rotate a tire 
over the soil surface.  It is often represented by a normalized value as the motion resistance ratio 
which is the ratio of the motion resistance to the total vertical weight being applied to the tire 
(Brixius, 1987).  The torque being applied to a wheel depend influences which state the wheel is 
currently in. 
Table 1: A tractor's wheel can operate in four state: towed, braked, self-propelled, and driving.  
W is the proportion of the tractor’s weight acting vertically on the wheel through the axle, H is 
the horizontal force of the tractor chassis acting on the wheel, R is the vertical reaction force of 
the soil acting on the wheel, G is the soil reaction force. 
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Figure 1: Dynamic weight transfer and moments (Goering & Hansen, 1992). 
The amount of drawbar pull a tractor can produce is dependent upon multiple factors 
such as the total weight of the tractor, weight distribution, soil conditions, and maximum torque 
provided to the axle by the power train.  To understand how drawbar pull affects the weight 
distribution of a tractor, which is how the tractor weight is being supported by the wheels, the 
static forces acting on the tractor chassis must be examined.  To determine the static forces, a 
tractor needs to be sitting on a zero grade with no movement.  The moments acting on a tractor 
be calculated about a single point.  This point, shown in Figure 1 as point A, can be used as point 
of rotation about which the sum of moments equation is written.  The weight of the tractor, W, 
puts a clockwise moment, about point A, on the tractor through lever arm with a length from the 
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center of the rear axle to the center of gravity of the tractor, Xcg (Goering & Hansen, 2014).  
When using the same point A, a counterclockwise moment is obtained through the product of the 
reaction force of the soil acting on the front axle weight (Rfo) and the length of the wheelbase 
(WB).  With these moments balanced, the following equation can be derived: 
 𝑊 𝑋𝑐𝑔 = 𝑅𝑓𝑜 𝑊𝐵  (3) 
where: 
 W is the total weight of the tractor, 
 Xcg is the distance from the center of the rear axle to the center of gravity, 
 Rfo is the reaction force of the soil opposing the front axle static weight, and 
 WB is the wheelbase of the tractor (Goering & Hansen, 2014). 
This equation can be rearranged to determine the static force on the front axle, Rfo, which 
is: 
 𝑅𝑓𝑜 = 𝑊
𝑋𝑐𝑔
𝑊𝐵
  (4) 
Similarly, the static soil reaction force on the rear axle can be calculated by summing 
moments about point B resulting in: 
 𝑅𝑟𝑜𝑊𝐵 = 𝑊(𝑊𝐵 − 𝑋𝑐𝑔) (5) 





Once a tractor has a force applied to its drawbar (Fdb), weight begins to be transferred 
from the front of the tractor to the rear (Goering & Hansen, 2014).  For the tractor to produce 
traction, a reaction force (Rr) from the ground is needed.  Just like determining the static reaction 
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forces, the sum of moments is needed to determine the dynamic reaction forces of the tractor.  
First, sum moments about the point directly under the rear tire of the tractor. There are three 
moments acting on the vehicle.  The moment represented by the product of W and Xcg is acting 
clockwise. The moment represented by the product of the front dynamic reaction force (Rf) and 
WB acts counter-clockwise, and the moment associated with the product of Fdb and the distance 
from the bottom of the rear tire to the line of action (Zr) is also acting counter-clockwise.  The 
sum of the moments is solved by the equation to calculate the front reaction force of the tractor at 
a certain drawbar pull: 
 
 R𝑓 =   
W X𝑐𝑔−F𝑑𝑏 Z𝑟
𝑊𝐵
  (7) 
where: 
 Zr is the distance from the drawbar pull line of action to the point A below the rear tire. 
To calculate the dynamic rear reaction force, the moments about the front of the tractor need to 
be determined.  If we use a point directly under the front tire of the tractor and use it for the 
center of moments, we can derive an equation to determine the dynamic weight of the front axle.  
This equation is; 
 R𝑟  =
W(WB−X𝑐𝑔)+ F𝑑𝑏 Z𝑓
𝑊𝐵
  (8) 
where: 
 Zf is the distance from the drawbar pull to the point below the front tire. 
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 The traction prediction equations are all based on the total weight and weight transfer of 
the tractor.  This needs to be determined before it is possible to calculate the tractive 
performance of a vehicle. 
Wismer – Luth Equations 
In the early 1970s, R. D. Wismer and H. J. Luth (1974) developed some of the first 
traction prediction equations.  Wismer & Luth (1974) defined nine variables needed to produce 
these equations, which included three dependent variables: Towed Force (TF), Pull (P), Wheel 
Torque (Q), and six independent variables:  Load (W), Slip (S), Tire Section Width (b), Overall 
Tire Diameter (d), Tire Rolling Radius (r), and Cone Index (CI).  To account for the dimensions 
of the tire and strength of the soil, a unitless dimensionless number, known as the wheel numeric 
(Cn), was developed on a per tire basis.  The following equation is used to calculate Cn. 
 𝐶𝑛 = 𝐶𝐼 ∗ 𝑏 ∗
𝑑
𝑊
  (9) 
where, 
 𝐶𝑛 is the wheel numeric, 
 𝐶𝐼 is the cone index, 
 𝑏 is the width of the tire, 
 𝑑 is the diameter of the tire, and 
𝑊 is the weight on a per tire basis. 
The Wismer & Luth traction prediction equations result in two ratios that are on a per tire 
weight basis.  This included an equation developed to predict the normalized towed force, or the 









+ 0.04  (10) 
where, 
 𝑇𝐹 is the towed force. 
Then an estimated gross tractive force was found to be related to both the travel reduction 




= 0.75 (1 − 𝑒−0.3𝐶𝑛𝑠) (11) 
Where, 
 𝑄 is the torque transmitted through the wheel’s axle which is equal to the gross pull of 
the tire multiplied by the rolling radius of wheel, r. 
Finally, the amount of net tractive force was determined by the difference between the gross 




= 0.75 (1 − 𝑒−0.3𝐶𝑛𝑠) − (
1.2
𝐶𝑛
+ 0.04) (12) 
Where, 
 𝑃 is the amount of net tractive force, or pull, produced by the tire, and 
 𝑠 is the amount of slip or travel reduction at the tire/soil interface.  
When developed, these equations were meant to focus on the tractive force developed on 
a per tire basis.  This approach was accomplished by dividing the weight by the number of tires 
on the axle.  Focusing on each tire allowed researchers to distinguish between driving and non-
driving wheels, such found on a 2WD tractor.  Whether a wheel is driving or non-driving, one 
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needs to account for the motion resistance (often called towed force) associated with each tire.  
The towed force associated with motion resistance is affected by the amount of load applied to 
the tire, its pressure, and the strength of the soil (Wismer & Luth, 1974).  Each of these factors is 
accounted for by the use of the wheel numeric.  A large wheel numeric would indicate a firm 
surface and would results in a motion resistance approaching four percent of the total load on the 
wheel (Wismer & Luth, 1974).   
To calculate the wheel numeric, the cone index is needed.  The cone index is defined as 
the amount of pressure required for a cone with a known angle and size to penetrate the soil 
(ASAE, 1999).  The cone index is acquired through the use of a cone penetrometer, which is a 
standard instrument used to characterize soil strength “for predicting off-road trafficability of 
vehicles” (ASAE, 1999).  The cone penetrometer consists of a cone with a 30° angle and a 
driving shaft that is pressed into the soil at a steady rate (~30 mm/s) (ASAE, 1999).  The base of 
the cone can vary, but the two diameters most commonly used are 20.27 and 12.83 mm (ASAE, 
1999).  Once the base of the cone is flush with the soil, repeated measurements are acquired with 
increasing depths (ASAE, 1999).   
For a tire to transition from the towed state to the driving state, torque must be applied to 
the wheel and slippage must occur, which is explained by the axle torque to weight ratio 
equation (Eqn. 10) (Wismer & Luth, 1974). They assumed that the wheel torque is “equal to 
gross thrust acting at some effective moment arm.”  The torque is divided by the wheel radius is 
equivalent to the gross pull or gross vertical force that is generated by the tire interacting with the 
soil surface.  Gross pull does not account for the motion resistance of the tire.  The net pull can 




Figure 2: Net tractive force to weight ratio as a function of wheel slip based on Wismer & Luth 
prediction equations two wheel numeric values with data points from field tests (Wismer & Luth, 
1974). 
These equations enabled researchers to predict the tractive performance of a tractor, but 
with certain limitations.  Bias-ply tires were used for developing these equations, and it was 
unknown how accurate these equations were when determining the performance of radial tires.  
Wismer & Luth (1974) stated that these equations were not meant for all soil and tire types, but 
showed that they were effective in predicting drawbar pull in a range of soil-tire combinations 
captured by two-wheel numeric values of Cn = 30 and 20 (Figure 2).  
Brixius Equations 
 The Brixius equations, were developed later in 1975 and addressed some of the pressing 
issues with the previously developed Wismer & Luth equations.  These equations represented an 
overall improvement in predicting traction performance, as well as an increase in the range of 
soil and tires to which the equations could be applied.  After gathering data from over 2500 tests 
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which included 121 combinations of tire and soil type, the relationships in the data were 
investigated by the use of curve fitting procedures (Brixius, 1987).  The Brixius equations used a 
modification of the wheel numeric that incorporated the deflection to height ratio and width to 
diameter ratio.  Using a curve fitting methodology, the modified wheel numeric became a 
dimensionless number known as the mobility number.  Mathematically, the mobility number was 
defined by Brixius as: 














δ is the tire deflection, and 
h is the section height. 
Increases in the mobility number corresponded to increases in tractive performance 
(Brixius, 1987).  Capturing this relationship in the mobility number enabled quick predictions of 
tire performance under given soil conditions.  Unlike the wheel numeric, the mobility number 
takes into account tire deflection.  Just as the wheel numeric was required to determine the 
motion resistance and amount of pull being produced for the Wismer & Luth equations, the 
mobility number takes its place for the Brixius equations. The equations for predicting the ratio 




= 0.88 ∗ [1 − 𝑒−0.1∗𝐵𝑛] ∗ [1 − 𝑒𝐴∗𝑠] + 𝐵 (14) 
where: 
 μ𝑔 is the gross tractive coefficient,  
 𝐹 is the gross tractive force, and 
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 A and B are parameters whose values are based on the type of tire being used. 
The gross tractive coefficient is a ratio of the gross tractive force, formerly known as 
gross pull, to the vertical load on the tire.  This ratio is a function of the mobility number and 
amount of slip at the tire-soil interface.  Each constant used in this equation has a specific 
function.  The value 0.88 limits the max gross tractive coefficient to 0.9125 or 0.92, which is the 
sum of 0.88 and the parameter B.  This constant was obtained by using a high slip and mobility 
number, which also limits the gross tractive coefficient to a maximum value.  The constant A, 
also known as a gripping factor, governs the rate at which the gross tractive coefficient increases 
with slip.  B is an approximation for the gross tractive coefficient for a slip value of zero 
regardless of soil condition.  Numerical values for these constants were estimated from data 
available at the time for both bias and radial ply tires (Brixius, 1987; Table 2).   
Table 2: Tire ply type parameters associated with the Brixius equation for both radial and bias 
ply tires (Brixius, 1987). 
Letter Radial Ply Bias Ply 
A -9.5 -7.5 
B 0.0325 0.04 
C 0.9 1.0 
Brixius defined the motion resistance ratio, ρ, as a ratio of the towed force to the total 











  (15) 
The motion resistance ratio uses the amount of slip, as well as the mobility number to 
account for the tire dimensions and soil conditions.  If slip were to remain constant as the 
mobility number decreases, the amount of motion resistance would increase.  This could result 
from a decrease in the wheel numeric, which could include a change in the tire dimensions or 
decrease in the soil strength. The constant C is the motion resistance ratio of a tire at zero slip 
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and is being used as a baseline or limiter for this equation.  B is used as the minimum amount 
that the motion resistance ratio can achieve on a hard surface, but is being used regardless of the 
type of surface on which the tire is traveling.  The motion resistance ratio increases as the 
amount of slip increases, which is due to tire deformation and soil shear (Brixius, 1987). 
These equations have been used and evaluated for the past 32 years.  Whenever possible, 
it is desirable to decrease traction prediction error.  The constants associated with the Brixius 
equations were determined across a range of test conditions and tires that were in use in the 
1970s and 1980s.  If the application in which these equations are being applied is different than 





CHAPTER 3: MATERIALS AND METHODS 
To determine the effects of tire pressure, soil conditions and ballasting of a more recent 
tractor and tires on the Brixius equations, field tests were conducted.  The tractor used for the 
tests was a 70.3 kW two-wheel drive (2WD) tractor (model 6420, John Deere, Moline, IL).  The 
tractor was equipped with Michelin Machxbib tires with standard tire numbers of 600/70/R30, in 
which the first number on the left indicates tire width in millimeters, the middle number indicates 
the aspect ratio as a percentage of the section height to width, the letter that indicates if tire 
construction radial, with the letter R, or bias ply, with the letter D, and the right-most number 
indicates the rim diameter in inches.  This radial thus tire had a 600-millimeter width, a 420-
millimeter section height, and a rim diameter of 30 inches.   
Five different measurements were recorded during these tests: tire deflection, drawbar 
pull, axle torque, actual vehicle speed, and axle speed.  Tire deflection was measured using 
ultrasonic distance sensors (Model RPS-401A, Migatron Corp., Woodstock, Illinois).  A hole 
was cut into the rim and a nut with the same diameter and thread pitch of the sensor was welded 
onto the rim to mount each sensor.  These ultrasonic sensors were installed to all driving wheels.  
They measured tire deflection throughout each test at one point on the tire’s surface.  With this 
information, the correct rolling circumference can be calculated, which is used to determine the 
theoretical speed of the tractor.  Since the rolling circumference of the tire changes with pressure 
and load, the correct rolling circumference was measured for each combination.  The correct 
rolling circumference is calculated from the radius measured by the ultrasonic sensors.  With the 
rotational velocity of the driving wheel known, the theoretical translation speed of the tractor 
was determined as a dynamically varying parameter in an experimental trial. 
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The axle speed of the 2WD tractor was measured with a Hall Effect sensor (LCZ-260, 
Honeywell International Inc., Golden Valley, Minn.) and gear, which was built into the slip 
rings.  This sensor generated a pulse every time a gear tooth passed by it.  Since the gear had 60 
teeth, it was known that 60 pulses would be equal to one revelation of the axle or 1 pulse for 
every degree of rotation.  After one minute, the total number of pulses seen would be divided by 
60 to determine the speed of the axle in revolutions per minute (rev/min).  The theoretical speed 
of the vehicle was then calculated once per revolution of the rear wheel using the measured tire 
deflection with the ultrasonic sensor. 
The GPS receiver associated with each tractor determined the actual ground speed of the 
vehicle output as NMEA (National Marine Electronics Association) messages.  The messages 
needed for this experiment were the VTG, GGA, and GSA messages.  The VTG message 
provided the course and ground speed of the vehicle, while the GGA message provided the 
latitude and longitude of each tractor. The GSA message provided the DOP (Dilution of 
Precision), which a measure of the measurement quality based on the location of the overhead 
satellite constellation. 
The amount of force transmitted through the drawbar by the 2WD tractor was measured 
using a load cell (model SWP-50K, Transducer Techniques, Temecula, Calif.) with a tension 
base (TB2-SWP50K, Transducer Techniques, Temecula, Calif.).  A load cell transmitter (SST-
LV, Transducer Techniques, Temecula, Calif.) was used to calibrate and condition its signal, as 




Figure 3: Wheel spacer torque sensor consisted of the product after milling process (left), strain 
gauge and protective cover installation (center), and torque sensor mounted to the rear wheel of 
the tractor (right). 
Torque transmitted through the axle of the tractor was determined by the use of strain 
gauges (187UV, Micro-Measurements, Raleigh, North Carolina).  These strain gauges were 
attached to the axles at 180 degrees relative to each other and connected in a full Wheatstone 
bridge configuration.  To cancel out any bending force and acquire a torque reading, the tension 
side of one strain gauge was connected to the compression side of the second.  The same 
connection was made for the other set of tension and compression sides.  These two sets make up 
the positive and negative excitation lines.  The last two connections were the positive and 
negative sense lines.  Since the tractor’s axles were not exposed, an adaptor was needed to have a 
surface to attach these strain gauges.  This adaptor was a set of wheel spacer which was 





Figure 4: 2WD test tractor attached to 4WD load tractor. 
 
 
Figure 5:Loading methodology developed by Zoz & Grisso (2003). 
Loading of the test tractor followed the methods of Zoz and Grisso (2003) (Figures 4 and 
5) by using a second tractor to apply a load to the test tractor’s drawbar.  The second tractor, 
known as the load tractor, was a 447.42 kW four-wheel drive (4WD) tractor (Challenger 
MT975E, AGCO, Duluth, GA).  By using a second tractor, the loading process was more 
versatile since a tractor is self-propelled unlike traditional loading methods, and eliminates the 
restriction on the minimum amount of pull possible to apply to the drawbar of the test tractor 
(Zoz & Grisso, 2003).  An implement was attached to the load tractor to apply the initial load 
onto the test tractor.  Both the test and load tractor began at equal speeds to represent zero pull or 
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the self-propelled wheel state.  As the tractors traveled through the field, the load on the test 
tractor was increased by engine braking with the load tractor.  The optimum set speed for the test 
tractor was one that enabled it to produce its maximum torque (Zoz & Grisso, 2003).  Because of 
this, the test tractor was operated in the B range, 4th gear at an engine speed of 2,000 rev/min.  
The test tractor was operated from the self-propelled state to the driving wheel state, at which the 
maximum amount of pull was developed (Zoz & Grisso, 2003). 
The tests were conducted over two different soil conditions: tilled and no-till.  The no-till 
condition was a field in a post-harvested state, while the tilled condition was a freshly tilled 
portion of the field by a 22-foot, 8 shank disk-ripper attached to the load tractor.  To maintain a 
consistently true course, automatic guidance was used to keep both tractors running in a straight 
trajectory. 
Two mobility numbers were used, which were based on a high ballasted and no ballast 
condition.  Future comparisons were to be made with the scaling of the Brixius equations.  
Because of this, the same tests performed with the test tractor was performed with the 4WD 
loading tractor.  In order to make these comparisons possible, it was decided to set the mobility 
numbers equal to the rear tires of the 4WD load tractor with the largest tires currently possible to 
install on it, which were 800/70 R38 tires.  The deflection value used to determine the initial 
mobility numbers was based on the deflection table provided by the tire manufacturer.  Since the 
tests were performed during the summer with a tillage operation, a cone index value of 254 psi 
was used based on table 3 from Brixius (1987). 
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Table 3: Soils with corresponding cone index values. 
 
Soil Characteristics and Cone Index 
The soil moisture content was also determined and found to have an average of 24%.  
This average was found from ten soil samples taken throughout the field.  The cone index 
readings were split into two averages; untilled and tilled.  These samples were taken beside the 
soil moisture samples. These cone index values were determined by taking three measurements 
in the first six inches of the soil for each individual test.  These were averaged for a cone index 
reading for each test.  After each test reading was recorded, an average cone index for the tilled 
and untilled section was calculated.  These values included 140 psi for the untilled condition, 
while 71 psi was found for the tilled conditions. 
Tractor Ballasting 
The high ballasting of the 4WD included 2,000 lbs. of suitcase weights on the front and 
3,000 lbs. of wheel weights on the rear axle.  With this information, the weights of the high and 
no ballasted condition of the 4WD load tractor are presented in Table 4.  With the weights 
known, mobility numbers of 82 and 85 were calculated for the high and low ballasted conditions 
respectively for the rear tires.  In order to calculated the weight needed for both ballasting 
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conditions and achieve equivalent mobility numbers, the 4WD’s mobility numbers were back 
calculated while using the 2WD’s tire measurements.  This strategy allowed for mobility 
numbers for both sets of tires that were within 5% of each other.  The work with the 4WD tractor 
was not reported in this thesis. 
Table 4: 4WD and 2WD tractor front and rear static weights and rear mobility numbers: high and 
no ballast. 
Tractor Front (lbs.) Rear (lbs.) Rear Mobility Number Ballasting Level 
4WD 34,560 23,243 82 High Ballasting 
 31,171 21,601 85 No Ballasting 
2WD 4,085 6,176 82 High Ballasting 
 4,502 6,017 85 No Ballasting (Front 
weights added for low 
rear weight) 
 3,318 6,468 NA Original Static Weight 
 
With the weights of both tractors known from the mobility number, the weight tables 
provided by the manufacturer determined the tire pressures.  These tables provided the minimum 
pressure requirement for a given speed, based on the weight of the tractor.  Two pressures were 
to be used; recommended and low pressure.  The recommended pressure corresponds to the 
minimum pressure recommended for the tractor travel at road speed 40 km/h (25 mi/h).  The low 
pressure was based on the case used for the tractors equipped with Central Tire Inflation Systems 
(CTIS) and for the lowest speed, 6 mph, which was used for research purposes only.  If the 
tractors were equipped with a CTIS, the tire pressure could be quickly changed from that used 
for driving on the road to that used for operating in the field.  The 600/70R30 tire’s heavy 
ballasting condition required a rear axle pressure of 15 and 9 PSI for the correct and low pressure 
setting, while the no ballasting condition required 13 and 7 PSI for the correct and low pressure 
setting, respectively (Technical Data, 2017). 
29 
 
The static weights, which were used to implement each ballasting conditions of both 
tractors, were measured using a set of scales (640XL, Avery Weight-Tronix, Fairmont, Minn.) 
and are reported in table 3.  These measurements enabled calculations of the dynamic weight of 
the tractor, which is dependent upon the pull being applied to the drawbar.  The methods 
described in the weight transfer section above were used to determine the dynamic weight of 
both tractors.  To determine the dynamic weight transfer, the amount of drawbar pull produced 
by the tractors was measured. 
Calibration 
 Accurate and precise measurements were a requirement to make a realistic comparison 
between predicted and actual net traction values.  To achieve this goal, each sensor used 
underwent a calibration procedure.  These procedures were either determined by the 
manufacturer or based on traditional methods. 
Load Cell for Measuring 2WD Test Tractor Drawbar Force 
 




Figure 7: Load cell calibration. 
The load cell used to measure the 2WD test tractor’s drawbar force had a maximum load 
capacity of 50,000 lbs. (Figure 6), and it was not possible to calibrate to its maximum capacity 
because we did not have an accurate method of applying a known maximum capacity load.  
Because of this limitation, it was calibrated to half of the maximum drawbar pull expected to be 
produced by the 2WD tractor.  A quantity of six 500 lb. wheel weights were available for 
calibration purposes.  The load cell was mounted into the hitch adaptor design, with a large hoist 
hook bolted onto the opposite side of the load cell.  The hitch adaptor was then attached to a 
crane and lifted vertically (Figure 7).  The hoist hook was weighted and used as the zero-load 
weight, which was 33 lbs. 
The transmitters used DPM-3 transducer setup software provided by Transducer 
techniques as its interface.  This software allowed for an instant display of the current force 
being applied to the load cell as well as an analog output adjustment.  All adjustments of the 
analog output made in this software could be saved as a DP2 file and onto the transmitter since it 
has a non-volatile memory.  Before calibration, the inputs and outputs of the conditioning circuit 
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were adjusted. The rated output of the load cell is 2 mV/V. This rating means that the signal 
output voltage will be 20 mV at its maximum load, which is why the signal input range was set 
to 20 mV.  The excitation voltage applied to the load cell was 10 volts.  The analog output’s 
voltage range was set to -10 to +10 volts, which corresponded to 0 to 50,000 lbs. respectfully.  
With these settings, it was possible to start calibration. 
The scaling tab of the software is where the sensor is calibrated.  Three options are 
available for scaling: scale offset, coordinates, and reading coordinates.  Each of these scaling 
options used a two-point calibration method.  The scale offset used a manual way to enter a scale 
and offset value.  The default value, which is a scale of +1 and offset of 0, was used to determine 
a baseline.  A data acquisition (DAQ) system (USB 2537, Measurement Computing Corporation, 
Norton, Mass.) was used to read the output signal of the sensor coming from the condition 
circuit.  With the load cell held up by a crane, the only force seen by the load cell was the weight 
of the hoist hook attached to the opposite end (Figure 5).  The voltage output was then recorded 
along with the weight displayed from the display table of the DPM-3 software.  Next, the full 
load was applied to the load cell, which consisted of 3,033 lbs.  With this reading, a linear 
regression was made with the known weight on the y-axis and the displayed weight from the 
display tab on the x-axis.  The regression equation given by this graph shown in figure 8, 
determined the scale and offset needed.  The scale, also known as the gain, is the slope that the 




Figure 8: Initial calibration for the 2WD drawbar load cell using two points. 
 
After entering these values, each weight was used to check the accuracy of the 
calibration, which can be seen in Table 5.  It can be seen that the values displayed are 
proportional to the -10 +10 voltage range. 
Table 5: Drawbar load cell and axle torque sensor calibration equations. 
Sensor Calibration Equation 
Drawbar Load Cell Actual Force (lbs.) = 2.4479*101 * Displayed Force (lbs.) - 2.24036*102  
Axle Torque Right Actual Torque (ft-lbs.) = 5.4702 * Displayed Torque (ft-lbs.) + 2041.6 
Axle Torque Left Actual Torque (ft-lbs.) = 4.2205 * Displayed Torque (ft-lbs.) + 11426 





























DPM-3 Software Displayed Load
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Torque Sensors for Measuring 2WD Axle Torque 
 
Figure 9: 2WD axle torque sensor calibration. 
 
 
Figure 10: Wheel spacer torque sensor calibration with weights. 
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To calibrate the torque sensors for the 2WD tractor, each sensor was attached to the 
wheel of the 4WD load tractor (Figure 9), along with an 86.5-inch lever arm.  This lever arm 
would have weight applied to it in order to apply a torque to the sensor (Figure 10).  To 
determine this amount of torque, the moment of the lever arm was determined in order to 
calculate the position of the center of gravity.  To determine the center of gravity, the weight of 
the attachment point for the calibration weights, the weight of the attachment point of the torque 
sensors, and the total weight of the lever arm were measured.  Finally, the distance between the 
center of the wheel spacer and the attachment point of the calibration weights were measured.  
With this information, the distance from the torque sensor attachment point to its center of 
gravity was determined.  With this distance known, the torque was calculated.  The equation to 




= 𝑇(𝑓𝑡 − 𝑙𝑏𝑠)  (16) 
where, 
 𝑊𝑡 is the total weight of the lever arm, 
𝑍𝑐𝑔 is the horizontal distance from the center of the torque sensor attachment point to the 
center of gravity, 
Wc is the weight of one calibration weight, 
 n is the number of calibration weights, 
𝐿𝑎 is the distance from the center of the torque sensor attachment point to the calibration 
weight attachment point, and 




Figure 11: Results of the measured torque after the calibration equation was implemented for the 
2WD's right torque sensor. 
 
 
Figure 12: Results of the measured torque after the calibration equation was implemented for the 
2WD's right torque sensor. 
 
 




























DPM-3 Software Displayed Torque (ft-lbs) 




























DPM-3 Software Displayed Torque
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The amount of weight used to calibrate the torque sensor was based on half of the 
maximum torque to be produced by the tractor.  Since the 4WD tractor’s torque sensors could 
only be calibrated to half of the maximum torque produced, it was decided to follow suit with the 
2WD tractor’s torque sensors.  This is due to the limited number of weights available.  There 
weren’t enough weights to fully calibrate the 4WD tractor to its maximum torque potential.  
Three-500 lbs. weights were used to apply torque to each torque sensor.  The minimum amount 
of torque applied was 315 ft-lbs., while the maximum amount applied was 10,680 ft-lbs.  The 
procedure included starting with no weight applied to the lever arm, and increased by an 
increment of one weight.  Once three weights were applied to the lever arm, all three weights 
were detached and re-attached.  At this point, weights were taken off the lever arm one at a time.  
This process enabled six points to be used for calibration instead of three and resulted in the 
following equation for the right torque sensor presented in table 5 and Figure 11. With the same 
procedure followed, the equation for the left torque sensor was developed and is presented in 
table 5 and Figure 12. 
Ultrasonic Distance Sensors 
 The ultrasonic distance sensors produced an analog voltage that was a function of 
distance and didn’t require signal conditioning since it produced a clean and strong signal.  
Because of this, the output voltage of the sensors was read directly.  To calibrate these sensors, 
the sensors were mounted to a plate.  This plate was then attached to the leveled forks of a 
forklift.  To test the linearity of these sensors, a distance close to the minimum and maximum 
distance sensor capacity were used when calibrating the ultrasonic sensors for the 2WD tractor.  
The forklift allowed the sensors to be raised and lowered to measurable distances. 
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Table 6: 2WD ultrasonic distance sensor calibration equations. 
Sensor Calibration Equation 
Left Sensor in = 4.37*V + 2.58 
Right Sensor in = 4.31*V + 2.67 
 
 
Figure 13: 2WD tractor ultrasonic distance sensor calibration graph and equation.  The sold lines 
represent the actual values measured while the dotted lines are a fitted linear regression. 
Measurement Uncertainty 
 Each measured variable had some uncertainty associated with it.  Each measurement’s 
uncertainty was either determined by the manufacturer or calculated.  When calculating the 
uncertainty, a linear regression was used with the voltage plotted against the known value.  The 
root mean square error (RMSE) value of this regression determined the difference between the 
known value, and the predicted.  After dividing the RMSE by the highest known measurement, 
the percent error was determined, as shown in table 7. 
 
y = 4.3714x + 2.5839






















Channel 2 Left Channel 4 Right
Linear (Channel 2 Left) Linear (Channel 4 Right)
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Table 7: Measurement uncertainty ranges calculated, given to by the manufacturer, or 




Figure 14: Test area was located in Boone County, Iowa and was 600 ft (183 m) by 1,300 ft (396 
m). 
When designing this experiment, it was known that the Brixius equations were affected 
by weight transfer, soil condition, and tire size.  Because of this, it was decided to test the 
accuracy of these equations based on the manipulation of each of these variables.  The Brixius 
equations account for the deflection of the tire, which is directly related to tire pressure and load.  
With this relationship known, it was decided to determine the Brixius equation’s ability to 
  Instrument Uncertainty Value Origin 
  Cone Penetrometer ±15 PSI, and ± 0.5 inches Manufacturer 
  Scales. ± 0.1% of applied load or 
± one division 
Manufacturer 
  2WD Deere Torque Sensor ±2.6% over 10,684 ft-lbs Calculated 
  Left 2WD Torque Sensor ±0.7% over 11,124 ft-lbs Calculated 
2WD Left Ultrasonic Distance Sensors ±0.34% over 8.44 inches Calculated 
2WD Right Ultrasonic Distance Sensors ±0.5% over 8.54 inches Calculated 
GPS Speed -10 cm/s (Kubo, 2009) 
GPS RTK  ± 1 inches Manufacturer 
Load Cell ±0.01% of full scale Manufacturer 
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predict tractive efficiency based on different pressures.  The tests were performed in a field in 
Boone County, Iowa, in the Garden township, in a 1,300 by 600-foot experimental area (Figure 
14) with three primary soil types: Nicollet Loam, Canisteo clay loam, and Harps clay loam. 
 
Figure 15: Experimental design.  Each column represents a single test, at 600'x18'. Rec’d = 
Recommended Pressure: Ballasted condition = 15 psi, No ballast condition = 13 psi. LowP = 
Low Pressure: Ballasted condition = 9 psi, No Ballast condition = 7.  710 = 710/70/42. 
Because of the test area’s size, the width of each pass was determined by the width of the 
4WD tractor.  Each tractor traveled along the 600-foot width of the field.  It was determined that 
the 4WD tractor travels 20 feet for every revolution of its tires when the slip is zero.  Under this 
condition, in a 600-foot pass, the 4WD tractor would complete 30 tire revolutions to move along 
the entire pass.  Three revolutions per load level applied to the tractor increasing and then 
decreasing would allow there to be five load levels.  To consistently change the load level after 
each three revolutions, weigh points were placed on a map (SMS software, Ag Leader 
Technologies, Ames, Iowa), which was seen on the navigation display in the cab of both tractors.  
The tests conducted included four experimental factors: two tire pressures: correct pressure and 
low pressure; two tractor weights: no ballast and ballasted; two soil conditions: tilled and no till; 
and two tire sizes: 600 mm and 710 mm wide (Figure 15).  Three replications of each factor were 
performed.  Each set of tests were arranged by tractor weight.  This resulted in three blocks of 
tests, categorized by the tractors being at a high ballasted condition, or no ballast.  Within each 









































































Block 1 Block 2 Block 3
No Ballast Ballast No Ballast Ballast No Ballast Ballast
40 
 
block, eight tests were conducted based on soil condition, tire size, and pressure.  Once the no-till 
soil condition tests were conducted, the same areas were tilled with the disk ripper to develop a 
tilled soil condition.  The tests including the 710/70/R42 were not included since they were 
outside of the scope of this thesis.  
Data Preparation 
With the weight transfer known, the traction prediction equations were used.  As stated 
before, the Brixius equations calculate the tractive forces on a per tire basis.  The weight transfer 
calculations determined the weight of a tractor on a per axle basis based on measurement of 
drawbar pull.  For a single set of tires, the axle weight needs to be divided by two, while for duel 
tires, it was divided by four.  Although this is correct for a hard surface, it is possible that the 
weight is not evenly distributed under field conditions.  Since there is no way to determine the 
weight per tire during field operation, equal weight distribution was assumed.  The final element 
that must be determined is the amount of slip, or travel reduction, being developed by the test 
tractor.  The theoretical velocity was determined by the use of the Hall Effect sensors previously 
explained to measure the axle and wheel rotational speed which was multiplied by the wheel 
radius as measured by the ultrasonic sensor.  A GPS receiver measured the actual translational 
velocity of the tractor. 
 With the measurements provided by the distance sensors, it was possible to calculate the 
actual rolling circumference of the tires.  With the actual rolling circumference, axle speed, and 
distance traveled known, the theoretical velocity was calculated of the tractor as well as slip.  
With the calculated slip value, the standard motion resistance and gross tractive force were 
calculated for the rear tires under a specific ballasting and tire pressure. 
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Manual measurements were used to determine the motion resistance of the front tires of 
the 2WD.  Since the front tires were not instrumented, the diameter of the tire while loaded was 
measured to determine the static deflection, and a slip value of zero was assumed since they were 
not driving.  These deflections and slip values were used for each test for the front tires.  With 
the deflection known, it was possible to calculate the mobility number of the front tires.  The 
mobility number allowed for the motion resistance and gross tractive force to be calculated for 
the front tires. 
The 2WD sensor measurements were taken at the same rate to make it possible for future 
comparisons with the 4WD tractor.  Measurements from each sensor were sampled at 400 Hz, 
which equates to measurements being taken every 2.5 milliseconds to allow for the full function 
of the encoders which were used on the 4WD tractor.  With such a high sampling rate, a large 
number of data points were acquired.  Since the distance sensors were recording measurements 
on a fix position on the rim, there were only a few measurements were of tire deflection in each 
revolution of the tire.   Because of this limitation, the mean of all measurements per revolution of 
the driving tire was used in the subsequent analysis, except for the deflection.  This approach 
allowed for an equal comparison between the predicted and actual net traction force.   
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Regression analysis was used to compare the drawbar pull or actual net tractive force, and the 
predicted net tractive force calculated by the Brixius equations based on tire pressure, soil 
condition and tractor weight.  The regression model used was: 
 𝑌(𝐹𝑀) =  𝐵0 + 𝐵1(𝐹𝑃) + 𝐵2(𝑆𝐶) + 𝐵3(𝑃) + 𝐵4(𝑊)  (17) 
where, 
FM = Measured Drawbar Force, 
FP = Brixius Predicted Net Tractive Force, 
SC = Soil Condition, a categorical variable with 1 for tilled condition and 0 for no-till 
condition, 
P = Tire Pressure, a categorical variable with 1 for low tire pressure and 0 for 
recommended tire pressure. 
W = Tractor Weight, a categorical variable with 1 for no ballasting and 0 for ballasted. 
 
Figure 16: Flow chart that indicates how measurement data flowed into the Brixius equations to 
calculate the net tractive force. 
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CHAPTER 4: RESULTS AND DISCUSSION 
Results 
When plotting the actual drawbar force produced against slip, a noticeable difference 
between the recommended and low-pressure conditions could be seen.  Regardless of tire 
pressure or tractor weight, less drawbar force was produced in the tilled condition compared to 
the no-tilled.  While the no-till condition showed a maximum drawbar force of about 5,600 lbs., 
the tractor was limited to producing approximately 4,800 lbs. during the tilled condition.  The 
highest drawbar pull produced was seen while using a low tire pressure, under a ballasted 
condition and a no-tilled soil. 
The lines seen in each plot (figures 17-32), known as a smoothing spline, were generated 
by the statistical program.  The straightness of the line is determined by the lambda value, which 
is variable.  A low lambda value increases the curves and flexibility of the line.  As the lambda 
value increases, the curves and flexibility decrease and eventually will become a straight line.  
The lambda value was set and changed by a sliding bar provided by the statistical software.  No 
numerical value was entered or displayed by the statistical software. 
 Low Pressure Vs. Recommended pressure 
When plotting the actual drawbar force produced against slip, a noticeable difference 
between the recommended and low-pressure conditions could be seen (figures 17, 18, and 20).  
Regardless of tire pressure or tractor weight, less drawbar force was produced in the tilled 
condition compared to the no-tilled.  While the no-till condition showed a maximum drawbar 
force of about 5,600 lbs., the tractor was limited to producing approximately 4,800 lbs. during 
the tilled condition.  The highest drawbar pull produced was seen while using a low tire pressure, 




Figure 17: Measured drawbar force (lbs.) as a function of slip for the ballasted and no-till case 
with recommended and low-pressure conditions. 
At low slip values, around 10 percent, a higher drawbar force was measured while using 
the low tire pressure when the tractor was ballasted and operating on an untilled soil.  While 
drawbar fore was in the range of 1,500 lbs. to 2,000 lbs. while using the correct pressure, the 
low-pressure condition yielded a drawbar force from 2,400 lbs. to 3,600 lbs. (figure 17).  As slip 
increased, the low tire pressure consistently produced higher drawbar pull.  A maximum drawbar 
force of approximately 5,900 lbs. was observed for the low-pressure condition, while the 




Figure 18: Measured drawbar force (lbs.) as a function of slip for unballasted and no-till case 
with recommended and low-pressure conditions. 
 When changing the tractor to an unballasted condition, a low-pressure tire condition 
continued to result in higher drawbar forces.  At 5 percent slip, the tractor subjected to a 
recommended pressure produced less than 2,000 lbs. of force while the use of the low-pressure 
condition resulted in drawbar forces from 2,300 lbs. to 2,800 lbs. (figure 18).  At approximately 
10 percent slip, the use of the recommended tire pressure resulted in drawbar forces up to 3,200 
lbs. while the use of the low-pressure condition resulted in the tractor producing approximately 
3,700 lbs. (figure 18).  The low-pressure condition produced approximately 700 lbs. more force 
than the recommended pressure when the tractor was tested without ballasting and on an untilled 





Figure 19: Measured drawbar force (lbs.) as a function of slip for the ballasted and tilled case 
with recommended and low-pressure conditions. 
With the tractor operating on a tilled soil and ballasted condition, using a recommended 
tire pressure tended to produced more drawbar pull than the low pressure, but mostly there was 
no observable difference.  At about 10 percent slip, the drawbar force produced under low tire 
pressure conditions ranged from 1,500 lbs. to 2,200 lbs. while the drawbar force produced 
observed under recommended tire pressure conditions was as high as 2,700 lbs. (figure 19).  
When slip values were from 10 to 20 percent, regardless of the tire pressure, the tractor produced 
roughly the same amount of pull (figure 19).  From 20 to 30 percent slip, the tractor subjected to 
the recommended pressure resulted in 200 lbs. to 400 lbs. more pull (figure 19).  As slip 
increased, the drawbar pull continued to be higher when the tractor used the recommended tire 
pressure.  The maximum drawbar force for the tractor under a recommended pressure condition 
was measured at 5,200 lbs. while the tractor under the low-pressure condition was measured at 




Figure 20: Measured drawbar force (lbs.) as a function of slip for the unballasted and tilled case 
with recommended and low-pressure conditions. 
With the tractor unballasted and subjected to a tilled soil condition, the use of the low tire 
pressure condition resulted in more drawbar force from the 10 to 20 percent slip range than that 
observed when the tractor was subjected to a recommended tire pressure condition (figure 20).  
Maximum drawbar force observed under the low-pressure conditions was approximately 5,100 
lbs., while the drawbar force associated with the recommended pressure condition was about 





The tractor's tractive efficiency showed similar results as those observed for the drawbar 
force.  Under each condition, regardless of weight or soil condition, a higher tractive efficiency 
was seen when a lower tire pressure was used.  Seventy-two percent tractive efficiency was 
observed to be the maximum value under no till conditions, while sixty-two to sixty-eight 
percent was observed for the tilled soil (Figures 21 to 24).  At lower slip values, around ten to 
fifteen percent, the use of low tire pressure was seen to have increased tractive efficiency of 
approximately ten percent.  Although a similar amount of drawbar pull was produced regardless 
of tire pressure in a ballasted state with a tilled soil condition, a higher tractive efficiency was 
seen under these same conditions while using a low tire pressure. 
 
Figure 21: Calculated Tractive Efficiency (%) as a function of Slip for the ballasted and no-till 
case with recommended and low-pressure conditions. 
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When analyzing the tractive efficiency seen by the tractor under a ballasted and untilled 
condition (figure 21), the use of the low-pressure condition resulted in a tractive efficiency of up 
to 78 % at 10 % slip and 70 % tractive efficiency at 15 % slip.  At 10 % slip, when the tractor 
was subjected to the recommended pressure condition had a tractive efficiency of 66 % while 
68% tractive efficiency was observed at 15 percent slip (figure 21).  As slip increased above 20 
percent, regardless of the tire pressure used on the tractor, the tractive efficiencies declined at the 
same rate and the differences between the two pressure conditions were negligible. 
 
Figure 22: Calculated Tractive Efficiency (%) as a function of Slip for the unballasted and tilled 
case with recommended and low-pressure conditions. 
From 5 to 10 percent slip, when the tractor operated without ballast on a tilled soil, 62 % 
tractive efficiency was observed while using a low tire pressure (figure 22).  On the other hand, 
the use of the recommended tire pressure condition resulted in approximately 55% tractive 
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efficiency in the 5 to 10 % slip range (figure 22).  On the other hand, when the tractor was 
subjected to a low tire pressure condition, a tractive efficiency of 56 to 61 percent was produced 
under a 15 to 20 percent slip.  From 20 percent slip and on, the use of a low tire pressure seemed 
to allow the tractor to produce tractive force with a higher tractive efficiency. 
 
Figure 23: Calculated Tractive Efficiency (%) as a function of Slip for the unballasted and no-till 
case with recommended and low-pressure conditions. 
Without ballasting and an untilled soil condition, the tractive efficiency produced by the 
tractor with a low tire pressure at low slip values (0 to 10 percent) was seen to be from 
approximately 36 to 82 percent (figure 23).  When it comes to the use of the recommended 
pressure, slip values from 0 to 10 percent yielded an efficiency of 19 to 75 percent.  From 10 
percent slip and on, the tractor produced equal efficiencies under both pressure conditions, with 




Figure 24: Calculated Tractive Efficiency (%) as a function of Slip for the ballasted and tilled 
case with recommended and low-pressure conditions. 
When observing the effects of the tractor subjected to ballasting and a tilled soil 
condition, higher efficiency was seen from the use of low tire pressure from 10 to 35 percent slip 
(figure 24).  Maximum efficiency by the tractor using the low-pressure condition was seen from 




Predicted Net Tractive Force Vs. Actual Drawbar Force 
 
Figure 25: Drawbar Force Produced and Predicted Net Tractive Force as a function of Slip for 
the ballasted and no-till condition with recommended pressure. 
After applying the Brixius traction prediction equations to the measurements gathered 
from the field tests, comparisons were made between the actual drawbar force produced and the 
estimated net tractive force.  When the tractor was under a ballasted, untilled condition with the 
recommended tire pressure setting, the prediction equations over-predicted the drawbar force 
produced (figure 25).  While the maximum amount of drawbar pull produced was recorded at 





Figure 26: Drawbar Force Produced and Predicted Net Tractive Force as a function of Slip for 
the unballasted and no-till condition with recommended pressure. 
When using a recommended tire pressure and no ballasting or tillage (figure 26), the 
prediction equation was more accurate at 0 to 10 percent slip values.  From 10 percent slip and 
higher, Brixius would continuously overpredict the net tractive force.  When changing from a 
ballasted state (figure 25) to no ballasting (figure 26), less error could be seen from the 





Figure 27: Drawbar Force Produced and Predicted Net Tractive Force as a function of Slip for 
the unballasted and tilled condition with recommended pressure. 
The accuracy of the prediction equations increased when subjected to tilled soil and no 
ballasting conditions (figure 27).  The error seen at low slip values, around 5 to 10 percent, 
seemed to be low.  From 10 to 20 percent slip, the Brixius equations were able to closely predict 
the net tractive force.  As the slip increased, the error decreased as well.  When comparing a 





Figure 28: Drawbar Force Produced and Predicted Net Tractive Force as a function of Slip for 
the ballasted and tilled condition with recommended pressure. 
As the tractor was ballasted and operated in a tilled soil, Brixius more accurately 
predicted the drawbar force produced.  From 0 to 20 percent slip (figure 28) the prediction 
equations were able to stay within 100 to 200 lbs. of the actual force produced.  While the 
maximum amount of force produced by the tractor was approximately 5,300 lbs. at 44 percent 





Figure 29: Drawbar Force Produced and Predicted Net Tractive Force as a function of Slip for 
the ballasted and no-till condition with low pressure. 
Once a low tire pressure was used with the tractor ballasted and no till soil, an increased 
in the accuracy of the equations was seen at low slips.  From 5 to 15 percent slip, Brixius was 
within the range of drawbar force produced (figure 29).  As slip increased from 15 to 40 percent, 
the predicted drawbar force began to be slightly overpredicted, but well within the range of the 
actual drawbar force produced.  With a ballasted weight condition and untilled soil condition, a 
considerable difference could be seen between the use of low (figure 29) and recommended 
(figure 25) pressure setting.  Brixius more closely predicted net tractive force when using a low 




Figure 30: Drawbar Force Produced and Predicted Net Tractive Force as a function of Slip for 
the unballasted and no-till condition with low pressure. 
Without ballasting or a tilled soil and the tire pressure set low, Brixius was the most 
accurate.  At low slip values, the net tractive force produced seemed to be under predicted.  Slip 
values of 10 percent and higher showed predictions within a few hundred pounds under the 
actual drawbar force (figure 30).  When assessing the difference between the predictions seen 
from a no ballasting condition and a no till soil condition, the net tractive force was more 
accurately predicted at higher slip values with low tire pressure (figure 30).  At less than 10 
percent slip, when the tractor was subjected to the recommended pressure (figure 26), the net 
tractive force was more closely predicted.  On the other hand, as slip increased from 10 percent, 




Figure 31: Drawbar Force Produced and Predicted Net Tractive Force as a function of Slip for 
the unballasted and tilled condition with low pressure. 
As the soil condition was tilled and the tractor operated without ballast and a low tire 
pressure, Brixius seemed to closely predict the net tractive force.  More error could be seen from 
the Brixius equations when the soil conditions were tilled (figure 31) compared to a no till 
condition (figure 30) with no ballasting and a low tire pressure setting.  At low slip values (less 
than 7.5 percent), low tire pressure yielded less error when predicting net tractive force, unlike 




Figure 32: Drawbar Force Produced and Predicted Net Tractive Force as a function of Slip for 
the ballasted and tilled condition with low pressure. 
Unlike other conditions, the ballasted and tilled condition with a low tire pressure (figure 
32) presented less uniform drawbar force measurements.  Slip values of 10 to 20 percent seemed 
to accurately predict net tractive force.  As slip increased, the Brixius equations began to 
overpredict.  At low slip values of 10 percent and lower, recommended pressure was more 
accurately predicted when the tractor was ballasted and operated on a tilled soil condition (figure 
28) unlike the low tire pressure condition with the same ballasting and soil condition (figure 32).  
With an increase in slip, it could be seen that the recommended pressure was more accurately 




Figure 33: The Predicted Net Tractive Force as a function of the Measured Drawbar Force. 
When the results were visualized in a plot of estimate net force verses the measured 
drawbar force (Figure 33), additional observations were made.  At low drawbar forces, large 
amounts of variation can be seen from the line of fit (figure 33).  This produced an RMSE of 
983lbs. and an R2 of 0.65.  As the drawbar force increased, the variability off of the line 
decreased.  Values of 3,000 lbs. and above showed less scatter from the regression line than 




A regression analysis for predicting drawbar force based on tire pressure, soil condition, 
Brixius predicted net tractive force, and tractor weight was used to analysis the data. 
Table 8: Regression analysis produced values, P-values, and coefficients. 
 
An RMSE of 590lbs. and adjusted 𝑅2 value of 0.75 were resulted from the regression 
analysis.  The adjusted 𝑅2  determined that 75% of the error was being accounted for between 
the predicted net tractive force, soil condition, tire pressure, and tractor weight.    The null 
hypothesis stated that the Brixius net tractive force equations, tire pressure, and soil condition 
were not significant factors in explaining variation in drawbar force was rejected since each p-
value was less than the 5% significance level (p<0.0001).  On the other hand, there was no 
evidence to reject the null hypothesis that the tractor weight was not a significant factor in 
predicting drawbar force because the p-value was greater than 5% (p = 0.06).  These results 
provide evidence that there is additional information not used by the Brixius equations from the 
tire pressure and soil condition variables.  The weight of the tractor, on the other hand, is being 
accounted for within the Brixius equations.  The formula produced by the analysis used either a 1 




Figure 34: Actual Drawbar Force as a function of Predicted Drawbar Force. 
 When plotting the actual drawbar force against the predicted drawbar force produced by 
the regression analysis (figure 34), the majority of the values were closely plotted on the 
regression line.  Higher values, above 3,250 lbs., were highly correlated.  This produced an 
RMSE of 512lbs. and an R2 of 0.76. 
Discussion 
During the experiments, a noticeable difference in the performance of the tractor was 
observed when changing to lower tire pressure.  The tractor seemed to grip the soil more, which 
resulted in a higher pull.  The most noticeable difference was when the tractor had no ballasting 
and lower pressure.  As the pull increased, the tractor had a more dramatic weight transfer to its 
rear tires, which resulted in more deflection of the tire on untilled soil.  This weight transfer was 
not as dramatic while on tilled soil, which can be explained by the soil deforming more under the 
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tire.  The reaction force from the soil was less under the tilled condition rather than the untilled 
condition. 
Conclusions 
 From this research, it can be concluded that: 
1. The Brixius equations do not completely account for the changes in tire pressure when 
predicting net tractive effort. 
2. Information from the categorical till and no-tilled soil conditions was not completely 
account for by the Brixius equations. 
3. The 2WD tractor’s ability to produce drawbar force was increased when using a low tire 
pressure.  Similarly, the tractive efficiency for lower tire pressure was greater than that 
associated with the recommended tire pressure, particularly under lower slip conditions. 
Recommendations for Future Research 
 It is recommended that the constants used in the Brixius equations be evaluated to 
account for changes in tire pressure, soil condition, and its ability to predict net tractive force.  
Even though the mobility number accounts for a tire deflection, the mobility number does not 
completely represent the change in tire pressure and should have its constants evaluated and or 
another coefficient be implemented.  It is also recommended that another method be used or 
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APPENDIX: COMPONENT DESIGNS 
A few components were designed and built to make these tests more accurate or easier to 
conduct.  Three such components are a tire changing stand, load cell hitch adaptor, and wheel 
spacers. 
Tire Changing Stand 
Since multiple tires were used during these tests, a tire changing stand was needed.  The 
tires on the Challenger tractor, in particular, weigh up to one ton, which includes the wheel 
weights.  This stand was designed to attach to the front of a forklift and can be adjusted for 
multiple tire sizes.  Rollers were placed at the bottom as well as on the uprights.  This allowed 
for ease of realignment of the rims to the hubs of each tractor.  The entire structure was made out 
of mild steel.
 
Figure A1: CAD drawing of the tire changing stand which was used to change the tires on the 
2WD and 4WD tractor. 
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Load Cell Hitch Adaptor 
To attach a load cell to the drawbar of a tractor, a load cell adaptor was needed.  This 
adaptor was made out of mild steel and based off of the hitch of the disk ripper.  Large square 
tubing was used as a protective casing, and a hoist swivel was used to attach a tow rope from the 
load cell to the load tractor.
 
Figure A2: Load cell hitch adaptor.  Protects and mounts the load cell to the drawbar of the test 
tractor. 
Six Inch Wheel Spacer Torque Sensors 
These were needed for a surface to attach strain gauges to measure the torque transmitted 
by the axle.  When the wheel spacers were purchased, it was known that the wall thickness 
would be too thick for an accurate measurement.  The outside diameter was originally ten inches, 
while the inside diameter was six inches, which meant the wall thickness was two inches.  Not 
only would this cause inaccurate torque readings from the strain gauges, but holes were also 
drilled through the spacer in order to attach it to the hub of the rear axle.  These holes would 
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make it impossible to determine the amount of strain being put through the spacer.  Because of 
this, a three-inch section of the outside diameter was milled down to eliminate the issue of the 
holes.  A radius was also put on the inside corners of the spacers to eliminate stress 
concentrations. 
The three-inch section’s diameter was decreased to 6.6 inches.  This would make the wall 
thickness of 1.70 inches.  With such a big difference between the beginning and ending wall 
thicknesses, the integrity of the wheel spacer became a concern.  Because of this concern, a finite 
element analysis (FEA) was performed to determine the limits of the wheel spacers.  These 
spacers were made out of 1045 carbon steel, which in a hot rolled condition has an average yield 




  (17) 
Where, 
 T is the torque put onto the shaft, 
 r is the radius, and 
 J is the polar moment of inertia. 
Since the wheel spacer was considered a round hollow shaft, J the polar moment of 




4 −  𝑟𝑖
4].  When using this equation, the 
following solution was found: 𝐽 =
𝜋
4
 [167.64𝑚𝑚4 −  152.4𝑚𝑚4] = 24,578,271𝑚𝑚4.  With J 
known, the torque seen by the wheel spacer needs to be determined. 
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The torque at the axle was determined from the Nebraska Tractor Test (NTT) data on the 
John Deere 6420.  The NTT determined that the maximum amount of drawbar pull was seen in 
gear B4 and was 44.11𝑘𝑁.  With the radius of the tire known along with the maximum amount 
of force being applied to the drawbar, the torque at the axle could be calculated by the following 
equation: 𝑇𝑜𝑟𝑞𝑢𝑒 (𝑁𝑚𝑚) = (0.80899𝑚 ∗ 44.11𝑘𝑁) ∗ 1,000,000 = 35,685,549 𝑁 − 𝑚𝑚.  
Finally, 𝜏 can be determined: 𝜏 (
𝑁
𝑚𝑚2






= 121.70 𝑁/𝑚𝑚^2. 
With the torque and bending force known, an FEA was performed using SolidWorks.  
The yield stress determined on this wheel spacer was under a worst-case scenario.  The 
maximum amount of torque and vertical load was applied to a single wheel.  Since it was unclear 
what the safety factor of this component needed to be, it was known that as long as the yield 
stress stayed below the range of yield stress for 1045 carbon steel, the safety factor would 
essentially work itself out.  The range of yield stress for 1045 carbon steel is a minimum of 
300𝑁/𝑚𝑚^2.  The SolidWorks FEA determined the maximum amount of yield stress seen with 
these parameters was 292.3𝑁/𝑚𝑚^2.  This gave us evidence that the spacers would be safe to 
use for this study. 
 
